> 

oo 



Metric flips with Calabi ansatz 

Jian Song* and Yuan Yuan^ 



Abstract We study the limiting behavior of the Kahler-Ricci flow on P(£>pn © £>p™(-l) ffi(m+1 )) 
for m,n > 1, assuming the initial metric satisfies the Calabi symmetry. We show that the 
flow either shrinks to a point, collapses to P n or contracts a subvariety of codimension m + 1 
in Gromov-Hausdorff sense. We also show that the Kahler-Ricci flow resolves certain type of 
conical singularities in Gromov-Hausdorff sense. 

> ' 
O 

£h ! 1 Introduction 

l> . 

The formation of singularities of the Kahler-Ricci flow on a compact manifold M reveals the 
analytic and algebraic structures of M. It is well known that the Kahler-Ricci flow converges 
to a Kahler-Einstein metric if M admits negative or vanishing first Chern class for any initial 
Kahler metric [Caolj . 

' ■^ | When the canonical bundle Km is not nef, the Kahler-Ricci flow will develop finite time 

singularity and one expects the Ricci flow to carry out surgeries through the singularities in some 
natural and unique way. The flow (M, g(t)) should converge in some suitable sense to a 'limit 
manifold' (M,gj>) as t tends to the singular time T and continue on the new manifold starting 
at gT- This is referred to as canonical surgery by the Ricci flow. If the Kahler manifold M is 
projective, then one hopes that the canonical surgeries correspond to algebraic transformations 
£^ \ such as divisorial contractions or flips. 

An analytic analogue of Mori's minimal model program is laid out in [SoT3] for how the 
Kahler-Ricci flow will behave on a general projective variety. More precisely, it is conjectured 
that the Kahler-Ricci flow will either deform a projective variety M to its minimal model after 
finitely many divisorial contractions and flips in Gromov-Hausdorff sense, or collapse in finite 
time. The existence and uniqueness is proved in [SoT3j for the weak solution of the Kahler-Ricci 
flow through divisorial contractions and flips. However, the Gromov-Hausdorff convergence at 
the singular time is largely open. The program is established for Kahler surfaces in [SW2llSW3| . 
5_i ■ More precisely, for the Kahler-Ricci flow on a Kahler surface M with initial Kahler metric go, 



either the flow deforms M to a minimal surface or the volume tends to in finite time, after 
finitely many contractions of (— l)-curves in Gromov-Hausdorff sense. In the work of |LT| the 
conjectural behavior of the flow through a flip is discussed in relation to their V-soliton equation. 

The goal of the current paper is to establish examples of small contractions and resolution 
of singularities by the Kahler-Ricci flow. Let (X,go) be a compact Kahler manifold of complex 
dimension n > 2. We write ojq = ^^-(go)ijdz l A dzP for the Kahler form associated to go. We 
consider the following Kahler-Ricci flow uj = oj(t) given by 

d 

—uj = -Ric(w), <jj\t= = uj 0i (1.1) 
at 
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for Ric(w) = — ^f~dd log u n , and g = g(t) is the metric associated to u. The flow admits a 
smooth solution if and only if, the Kahler class of ui(t) is given by 

[w(t)] = [w ] + t[K x ] > 0. 

The first singular time T is characterized by 

T = sup{t £ R | [w ] + t[K x ] > 0}. (1.2) 

Clearly T depends only on X and the Kahler class [wo], and satisfies < T < oo. 
The manifold 

i m , n = p(ft»eOp»(-f K1) ) 

is a projective toric manifold for m > and n > 1. -Xo,n is exactly P n+1 blown up at one point. 
X m ,n does not admit a definite or vanishing first Chern class when n < m and X m ^ n is Fano if 
and only if n > m. X m n has a special subvariety Po of codimension m + 1, defined as the zero 
section of projection P(Opn © Opn(— l)®( m+1 )) — y p n . There exists a morphism 

3Vn : ^ m ,n -> P( m+1 )(" +1 ) (1.3) 

which is an immersion on -X" mjn \ Po and contracts Po to a point. Ym^, the image of X m ^ n via 
is smooth if and only if m = and then Yo,n is simply P n+1 . When m > 1, has a 
conical singularity at where Po is contracted. In particular, Y m>n = Y n ^ m is the projective cone 
in p( m + 1 )( n + 1 ) over P m x P n via the Segre map for m > 1. It is also well-known that X m>n and 
X njm are birationally equivalent for m > 1, and differ by a flip for m ^ n. 

In this paper, we always consider the Kahler metrics on X m ^ n satisfying the Calabi symmetric 
condition defined in |Clj . The precise definition is given in section [2721 

Our first main result characterizes the limiting behavior of the Kahler-Ricci flow (jl.ip on 
X m ,n as t > T . 

Theorem 1.1 Let g(t) be the solution of the Kahler-Ricci flow on X m ^ n with initial Kahler 
metric ojq E ao[-D.f/] + 6o[-Doo] satisfying the Calabi symmetry. Let T > be the first singular 
time of the flow. 

1. If m < n and bo/(m + 2) > ao/( n — m \ then T = ao/(n — m) and on X m ^ n \ Po, 
g{t) converges smoothly to a Kahler metric gx- Let (Xr,aY) be the metric completion of 
(X m ^ n \ Po,gx). Then (Xt^t) has finite diameter and is homeomorphic to Y m ,n o.s the 
projective cone in p( m + 1 )( n + 1 ) over P m x P n via the Segre map. Furthermore, (X m ^ n , g(t)) 
converges to {Xx,dx) in Gromov-Hausdorff sense as t — > T. 

2. If m < n and bo/(m + 2) = ao/(n — m), then T = ao/(n — m) and (X mj „, g{t)) converges 
to a point in Gromov-Hausdorff sense as t — > T ' . 

3. If m < n and bo/(m + 2) < ao/(n — m), then T = bo/(m + 2) and (X m ^ n , g(t)) converges 
to (P n , (ao — bo)u)ps) in Gromov-Hausdorff sense as t — > T , where ojfs is the Fubini- 
Study metric on P n . 

4- If Tn > n, then T = bo/(m + 2) and (X m ^ n , g(t)) converges to (P n , (ao — ^qr§fro)WFs) in 
Gromov-Hausdorff sense as t — > T. 
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In the case (3) and (4), the Kahler-Ricci flow can be continued on P n starting with (P n , (ao — 
j^i^bo)ujFs) and the flow will eventually become extinct in finite time. The case (2) is related 
to the result in [Soj that the Kahler-Ricci flow shrinks to a point if and only if X is Fano and the 
initial Kahler class is proportional to c\(X), establishing the smooth case of a conjecture in |T2j . 
If this occurs, it is natural to renormalize the flow so that the volume is constant. The problem 
of how this normalized flow behaves is related to various notions of stability |Y2} IT2} IDo| and is 
still open in general. Assuming the existence of a Kahler-Einstein metric \P2\ ITZhuj or soliton 
|TZhu| , the flow is shown to converge to a Kahler-Einstein metric or soliton respectively (see also 
\SeT\ IZhuj ) . The connection between stability conditions and the behavior of the Kahler-Ricci 
flow has been studied in (ESI IPSSW1| IPSSW2I El EH El [MS EM] for example. 

Theorem 1 1 . 1 1 can also be viewed as an analogue of Theorem 1.1 in |SW1| . We apply ideas and 
techniques from [SW1 to obtain many estimates in the proof of Theorem ll.il In fact, Theorem 
ll.ll can be generalized to 

x m , n , k = no pn e e> P n(-fc)® (m+1) ), k = 1,2, ... 

In particular, X m>nj i = X m ^ n and ^o,i,fc are exactly the rational ruled surfaces considered in 
[SWT] . 

We would also like to mention some known results about Kahler-Ricci solitons on these 
manifolds. X Ui q admits a Kahler-Ricci soliton jKoil ICao2] . Complete Kahler-Ricci solitons are 
also constructed on vector bundles Opn(— i)©( m + 1 ) by |FIKj when m = and by [Li] when 
m > 1. 

The general conjecture in |SoT3j predicts that the flow can also be continued in the first case 
in Theorem 11.11 and the contracted variety should jump to its minimal resolution by the flip. 
Our next result shows how the Kahler-Ricci flow can resolve certain type of projective conical 
singularities and confirms the weaker statement of the general conjecture. 

Theorem 1.2 Let Y m ,n = Yn,m be a projective cone in p( m + 1 )(™+ 1 ) over p m x F™ via the Segre 
map and let go E [C P ( m+ i)( n +i) (1)] be the restriction of the Fubini-Study metric of p( m + 1 )( n + 1 ) 
on Y m ^ n . 

1. If m > n > 1, there exists a smooth solution g(t) £ <&* m n [0 P ( m +i)(n+i) (1)] +t[Kx m n ] of the 
Kahler-Ricci flow on (0, T = l/(m + 2)) x X m .„ such that on X m ^ n \ Pq ~ Y m ,n \ {O}, g(t) 
converges smoothly to go as t — > 0, and (X min ,g(t)) converges to (Y m ,n-,go) i n Gromov- 
Hausdorff sense as t — > 0. Furthermore, g(t) has uniformly bounded local potential in L°° 
for t € [0,T). If there exists another solution g(t) satisfying the above conditions, then 

g(t) = g(t). 

2. If m = n > 1, there exists a smooth solution g(t) £ (1 — (m + 2)t)[go] of the Kahler-Ricci 
flow on y„ >n \ {0} for t e (0,T = l/(m + 2)) such that 

• (Yf,dt), the metric completion of (Y nt7l \{0}, g(t)) is homeomorphic to (Y niJl ,go). 

• g(t) converges to go smoothly on Y n>n \ {0} as t — > 0, and g(t) has uniformly bounded 
local potential in L°° for t € [0, T) . 

• (Y n) n,d t ) converges to {Y n ^ n ,go) in Gromov-Hausdorff sense as t — > and converges 
to a point in Gromov-Haudorff sense as t — >■ T '. 

If there exists another solution git) satisfying the above conditions, then g(t) = g(t). 
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The above theorem shows that the Kahler-Ricci flow resolves the conical singularity of Y m n 
for m > n > 1 in Gromov-Hausdorff sense. It suggests that the Kahler-Ricci flow smoothes 
out not only the initial singular metric, but also the initial underlying variety. Combining (1) 
in Theorem 11.11 and (1) in Theorem 11.21 the Kahler-Ricci flow replaces X m ^ n by X n>m as an 
analytic flip in Gromov-Hausdorff sense if we are allowed to continue the Kahler-Ricci flow at 
t = T with the Fubini-Study metric restricted on Y m ,n- We believe that the Kahler-Ricci flow 
should perform the flip for X m>n without replacing the singular metric gx by the Fubini-Study 
metric as the initial metric at the singular time. 

On the other hand, the Kahler-Ricci flow does not change the underlying manifold Y n .n for 
n > 1 even though Ky n „ is not a Cartier divisor. This is because X n ^ n is the resolution of Y nn 
and the canonical divisor Kx n „ vanishes along the exceptional locus over the singularity O. 

The organization of the paper is as follows. In section 2, we describe flips, the Calabi 
ansatz and the Kahler-Ricci flow on P(0 P ™ © 0pn(— i)©( m + 1 )). J n section 3, we prove the small 
contraction by the Kahler-Ricci flow if the volume does not tend to zero when approaching the 
singular time. In section 4, we show that the Kahler-Ricci flow collapses if the volume tends to 
zero when approaching the singular time. In section 5, we describe how the Kahler-Ricci flow 
resolves singularities of Yim n . 

2 Background 

2.1 An example of flips 

We will describe a family of projective bundles over P n so that one can construct a flip. The 
detailed algebraic construction can be found in section 1.9 of [D] . 

Let E be the vector bundle over a projective space P n defined by C P n ©0 P n(-l)©( m+1 ). We 

let 

X m , n = F(0 P n © P „(-l)®( m+1 )) 

be the projectivization of E and it is a p m+1 bundle over P n . In particular, X^ n is P n+1 blown 
up at one point. Let be the divisor in X mn given by P(C P n(-l)©( m+1 )), the quotient of 
P n(-l)©( m+1 ). We also let D be the divisor in X m>n given by F(0 F n © C P n(-l)© m ), the 
quotient of C P n © P n(— l)® m . In fact, N (X m;n ) is spanned by [Do] and [-Dec]- We also define 
the divisor Dh on X m ^ n by the pullback of the divisor on P n associated to C P n(l). Then 

[Doo] = [D ] + [D H ] 

and 

[Kx m J = -(m + 2) [£)«,] - (n - m)[D H ] = -{n + 2) [£>«,] + (n - m)[D }. (2.1) 

The above formulas can be easily obtained by induction on m and the adjunction formula. In 
particular, is a big and semi-ample divisor and any divisor a[Djj] + &[Doo] is ample if and 
only if a > and b > 0. Hence X m ^ n is Fano if and only if n > m. 

Let Po be the zero section of 7r m . n : X m ^ n — > P n , which is the intersection of the m+1 effective 
divisors as the quotient of P n ffiO P n(— l)® m . In fact, the linear system |[Doo]| is base-point-free 
and it induces a morphism 

<T> ■ Y — V p( m + 1 )(™+ 1 ) 

$ mj „ is an immersion on X m ^ n \ Pq and it contracts Po to a point. Y mn , the image of $ mjn in 
p (m+i)(n+i\ is a projective cone over P m x P n in f( m + 1 )( n + 1 ) by the Segre embedding 

[Z ,...,Z m ] x [W ,...,W n ] -> [Z W ,...,Z i W j ,...,Z m W n ]e^ m+1 ^ n + 1 ^ 1 . 
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2.2 Calabi ansatz 

In this section, we will define the Calabi ansatz constructed by Calabi |Clj (also see [Li])- To 
apply the Calabi symmetry, we instead consider the vector bundle 

e = e> P „(-i) e(m+1) . 

Let u>fs be the Fubini-Study metric on P n . Let h be the hermitian metric on Opd(— 1) such 
that Ric(h) = —ujfs- The induced hermtian metric He on E is given by h E = h®^ m+l \ Under 
local trivialization of E, we write 

eP = h^z)\i\\ £ = (£i,6,...,£m.+i), 

where h^(z) is a local representation for h (note that Ue has same eigenvalues h(z)). In partic- 
ular, if we choose the inhomogeneous coordinates z = (z±, Z2, z n ) on P n , we have 

= (l + |z| 2 ). 

We would like to find appropriate conditions for ael and u(p) such that 

w = aujps + -^—9du(p) (2.2) 
defines a Kahler metric on X mn . In fact, 

— T 



u = {a + u'(p))cj FS + ^%"V<W + h^-P(u" - u'^Vf A V^. (2.3) 
Here, 

and {aV, V£ a } is dual to the basis 



The following criterion is due to Calabi |C1| . 
Proposition 2.1 uj as defined above is a Kahler metric if and only if 

1. a > 0. 

2. v! > and u" > for p G (-00,00). 

5. C/o(e p ) = u(p) is smooth on (— 00, 0] and £/q(0) > 0. 

4- Uoo(e~ p ) = u(p) — bp is smooth on [0, 00) for some b > and 11^(0) > 0. 
We remark that given a, b > 0, the Kahler metric constructed above lies in the Kahler class 

w = aw ra + ^^<9du(p) G a[D H ] + 6[A»] (2-4) 

and 

< u'(p) < 6. (2.5) 



2.3 The Kahler-Ricci flow on X m ^ n 

Straightforward calculations show that the induced volume form of oj is given by 

m+l 



w m+n+1 = (a + u') n h 1 T +1 e^ m+1)p (u') m u"(uj FS A ff ^— d£ a A d£ a ). (2.6) 

* - LJ - 27T 

Therefore, 



-Rzciuj) = ^^dd{\og[{a + u') n K)"V'] - (m + l)p) + (m - n)w FS . 

Z7T 

It is straightforward to check that the Calabi ansatz is preserved by the Ricci flow. Indeed, 
the Kahler-Ricci flow 

— = -Ric(u), uj\ t =o = ujo = a Q uj FS + — — dduQ £ ao[Dff] + M-^oo] (2.7) 
is equivalent to the following parabolic equation 

a'(t)u FS + ^33— = (m - n)oj FS + ^«9<9(log[(a + u') n (u') m u"} - (m + l)p). 

Z7T (71 Z7T 

Separating the variables, we have that 

a = a(i) = ao — (n — m)t (2-8) 

and 

— = log[(a + u') V)"V'] " (™ + 1)P + °t, (2-9) 

where 

Ct = -lo gu "{0,t) - m log it' (0,t) - nlog(a(t) + u'(0,t)). (2.10) 

From the formula (|2.ip and the Kahler class evolves by [to] = (ao — (n — m)t)[L>^] + (bo — (m + 
2)t)[Doo], and so 

6 = = 6 - (m + 2)i. 

It is straightforward to show that equation (|2.9|) admits a smooth solution u satisfying the 
Calabi ansatz as long as the Kahler-Ricci flow admits a smooth solution, by comparing u to the 
solution of the Monge- Ampere flow associated to the Kahler-Ricci flow. 

Next, the evolution equations for u' and u" are given by 

du' v!" mu" nu" , , 

-5T = ~17 + ^ + 7- m+l , (2.11 

dt u" u' a + u' K ' v ' 

du" u^ (u'") 2 mu'" m(u") 2 nu'" n[u") 2 

~dt = ~7s F ~!y) 2+ ~' {ti) r + a~+u 1 ~ (a + u') 2 ' (2 ' 12 ^ 

as can be seen from differentiating (|2.9p . 
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3 Small contractions by the Kahler-Ricci flow 



The first singular time of the Kahler-Ricci flow on X m ^ n is given by 

T = sup{t > | [uj ] + t[K Xn J > 0}. (3.1) 

Since X m ^ n is not a minimal model, T < oo. 

In the section, we assume that at the singular time T, a(T) = and b(T) > 0, i.e., the 
Kahler-Ricci flow does not collapse. This is equivalent to, 

n > m, > 



m + 2 n — m 

In this case, the first singular time of the flow is given by T = n "° m - 

Let us first explicitly write down the contraction map ^ m ,n- I n local trivialization for X mjn , 
{1, £ a , Zi£a}i=i,...,n,a=l,...,m+l extend to global holomorphic sections in [D^], furthermore, they 
span H°(X mtn , OdD^])). Then the free linear system of |[-Doo]| induces the following morphism 

$ • (z- f ) G X v [1 f z-f 1 (= p("i+l)(n+l) 

The pullback of the Fubini-Study metric is given by 



Co' 



-j m+1 

"-ddlog(l+^|£ Q | 2 + 12 



2tt 

a=l l<i<ra,l<a<m+l 
— =- n m+1 

r a9iog(i + (i + ^i^i 2 )(^ie a | 2 )) 



2?r 

i=l a=l 

~ l dd\og(l + e p ). 



2tt 



Let 



u{p) = log(l + e p ). 



Then ^f-ddu extends to the pullback of the Fubini-Study metric Co given by 3> m>n . I n particular, 
Y m ,n has an isolated conical singularity and a) is a asymptotically conical metric on Y m ^ n near 
the conical singularity. 

Now we list some well-known results for some useful uniform estimates. We begin by 
rewriting the Kahler-Ricci flow as a parabolic flow of Monge-Ampere type. We let ojq be 
the initial Kahler metric and VL a smooth volume form on X m>n . Let x = ^^^-ddlogQ and 
ojt = ojo + tx G [wo] + t[Kx m n ] be the reference form. Then the Kahler-Ricci flow is equivalent 
to 

dip {ut + ^ddupT^ 

at = log n ' ^ |t=0 = °- (3 ' 2) 

Then there exists a unique solution <p £ C°°([0, T) x X m ^ n ). Furthermore, we have the 
following well-known estimates due to |TZha] . 

1. There exists C > such that on [0, T) x X mjn , 

M < C. (3.3) 
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2. There exists C > such that on [0, T) x X miTl , 



(cot + ^^ddip) m+n+1 < Cn. (3.4) 
3. For any K CC X m ^ n \ Pq, there exists C > such that on [0, T) x X mtn , 

\\ i f\\c k ([0,T)xK) < Cfc.Jf- ( 3 - 5 ) 

We also have the following estimates as the parabolic Schwarz lemma. 
Lemma 3.1 There exists C > suc/i i/iat on [0,T) x X min , 

a; > CCj. 

Proof The proof is given in jSWlt ISoj and makes use of the L°°-estimate of (p. 

□ 

By comparing oo(t) and ui, we immediately have the following estimate. 
Corollary 3.1 There exists C > such that on [0,T) x X m ^ n , 

a + v! > Cu' = - -. 

(1 + eP) 

Lemma 3.2 There exists C > such that on [0,T) x X m ^ n , 

((u') m+n+ Y < ,/ x z? - (3-6) 

Proof The inequality (I3.6D follows immediately from the volume estimate (|3.4h by the following 
observation 

((u') m+n+1 Y < (a + vf) n (v!) m v!' < Ci(l + u' ) n (u') m u" < 



(1 + e ^) m+2 ' 

The last inequality follows from the definition of u. 



□ 



Corollary 3.2 There exists C > suc/i i/iai on [0, T) x X mjn , 

, m + 1 _ 

« (p) < Ce^+^ p . (3.7) 
Proof Using Proposition 12.11 and integrating (|3.6p from — oo to p, we have 

(u'(p)) m+n+1 < C f P e {m+1)p dp + lim (u'(p)) m+n+1 = — — e ( m+ V p . 

J-oo p^-oo m + 1 

□ 

We also notice that < u'(p) < b(t) for p G (—00,00) because -u' is increasing and 
Hindoo u'(p) = h(t). Therefore, u' is uniformly bounded above for t £ [0,T). 



Proposition 3.1 There exist C > such that on [0, T) x X mn , 

u" < Cu'. (3.8) 

Proof Let H = logu" — log?/. Notice that by Proposition 12. 1^ for fixed t G [0, T) and near 
p = — oo, u(p) = Uo(e p ) for some smooth function Uo, and near p = oo, u(p) = U oc (e^ p ) + bp 
for some smooth function Uoo and b > 0. 

p^-oo u' p-^-oo (L'o(e' , )) / p-^-oo [/q p^-oo (/q 

Ho, t = on, gHirl±M: = Ho ^ + ""^ - - 



p~+oo v! p-^co (Uoo(e~ p ) + bp)' p->oo —erPJJ'^ + b 
And so we can apply maximum principle for H in [0, T) x (—00,00). 



d# 1 «( 4 ) (u'") 2 ira"' m(u") 2 nu'" n(u") 2 

~dt ~ ^^^~Jd J y + ~' (u') 2 + a + u'~ (a + w') 2 

1 r ?/" urn" nu" 

l{—i7 + — r + 7 - (™ + 1 } 

u' l u" u' a + u' 

Suppose that H(to,po) = sup[ 0j j ] x (-00,00) H{t,p) is achieved for some to £ (0, , po G 
(—00,00). At (£o>/3o)> w e have 

u w 



and 

Then at (to, Po), 
< 



«W_ (it'") 2 _ «^ (u^) 2 _ ?/ 4 ) ?/" 

~ ~ (u") 2 ~ "57 + (?i') 2 ~ "u^ _ 17 ~ ' 



dH 
~dt 

1 (u'") 2 mu'" m(u") 2 I n'" m/ 

| n ?/" _ u" _ ?/ 
a + u' u" a + u' ?/ 
(m + 1W' m + 1 n?i" 



(it') 2 u' (a + ?i') 2 

Therefore by the maximum principle, H(to,xo) < and so 

sup H(t,p) < sup H(0,p) < 00. 

[0,T)x (—00,00) (—00,00) 

The proposition then follows . 

□ 
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We have the following immediate corollary by combining Proposition 13.11 and Corollary 13.21 



Corollary 3.3 There exists C > such that on [0, T) x X m ^ n , 

m+l „ 

u (p) < Ce^+r p . 
Corollary 3.4 There exists C > such that on [0, T) x X m ^ n , 

uj < C(uj F s + w + e ™+™+ lP u). (3.9) 

Proof The corollary holds for t £ [0, T) and p £ [0, oo) from the estimates in (|3.5|) away from 
-Po since w^s + u) is a smooth Kahler metric on X mn . It suffices to prove the corollary for p < 0. 
Applying Corollary 13.21 and Corollary 13.31 for (t,p) E [0, T) x (— oo,0], we have 

u < Ci(l + e^^0wF5 + Ci/i ? e"^OT p (^ + / lc e-^ /3 )^^Ve a AV^ 



< C 2 w FS + C 2 h £ e~^+i p V 4^Vf A V<f 

^— ' 27T 

The corollary follows by comparing the above estimates to 



Co' 



1 + 1 + e p 2tt 2ir 



1 + eP 

for p < and some C3 > 0. 



□ 



Let uj(T) = lim^y- oo(t) be the closed positive (1, l)-form with bounded local potentials. 
Then by the estimates of uj(t) away from Po as m (|3.5p . cj(T) is a smooth Kahler metric on 
X m ,n \ Po and uj(t) converges in C° a {X m ^ n \ Po) to oj(T) as t — > T. 

Theorem 3.1 Let (Xt,cIt) be the metric completion o/(X mn \ Pq,lo(T)). Then (Xt,cIt) has 
finite diameter and is homeomorphic to Y mn as the projective cone in p( m + 1 )( n + 1 ) over P m x P n 
via the Segre map. Furthermore, (X m>n , g(t)) converges to (Xt, dr) i- n Gromov-Hausdorff sense 
as t — >■ T~ , and there exists C > such that for t E [0, T). 

diam(X mtn ,g(t)) < C. 

Proof Let U K = {e p < k,} be a K-tubular neighborhood of the zero section Po. We will use 
local coordinates (zi,£ a ) for i = 1, ...,n and a = 1, ...,m + 1. For any fixed fibre = 7r _1 (z) 
for z = (z±, z n ) E C n , there exists C\ > 0, such that the restriction of the evolving metric is 
bounded by 

uj\ Xz = ^El u "e- 2p de p A Be p + u'e- p ^^dde p - ^-u'e- 2p de p A de p 
2ir 2tt 2tt 

< ^-u"e- 2p de p A Be p + u'e- p ^-dde p 
2ir 2ir 



2tt 
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We first show that for any e > 0, there exists K e > such that for any z € C n , n < n e and 

te [o,T), 

diam(X z n U K ,g(t)) < e. 

• We begin with estimates in the radial direction. We can always assume p < 0. For any 
point £ £ X z , we consider the radial line segment 7(7*^) joining and £ in C m+1 where 
£ = r^e t9 i. Note that e p = (1 + |z| 2 )|£| 2 , then the arc length of 7 is given by 

I7U) < ^2 / e" 2 c»+"+ 1 ) p (l + |z| 2 ) 1/2 dr 

JO 

/"l^l „ m+l n 

= C2 (1 + Z ) 2 ( m +"+!) r m+"+l(ir 







< C 3 {(l + |z|> 2 } 



2n 2i m+1 



2(m+n+l) 



< C 3 K2(m+n+l) 

for some fixed constant Cj > 0, z = 2, 3. 

We now consider the behavior of on S\£\, the sphere centered at £ = with radius 
= |£| in C m+1 with respect to the Euclidean metric. Let gs 2m +i ^ e the standard metric 
on the unit sphere S^m+l in C m+1 . If C I 2 fl (7 K , then there exist C4 > such that 

g(t)\ S](] < v^Cie _; ^ p (l + M 2 KAd£| %| 

< Ci e-^i p (l + \z\ 2 m 2 g S2m+1 



m + l 

2m+l 



m+l 



Combining the above estimates, any two points in X z n U K can be connected with by a piecewise 
smooth curve in X z n with arbitrarily small arc length if k is chosen sufficiently small. 

Now we consider points (0,£) and (u>,£) G U K and we can assume £ = (£i,0, ...,0) after the 
unitary transformation. We will then consider a straight line segment 

too = {(*,£) i * = e = (ei,o,...,o)}. 

There exists C5 > 0, such that the restriction of git) on the submanifold V = {£ = (£1, 0, 0, 0)} 
is bounded by 

g{t)\vnU K = (a + U')USF + -TT~ U " /■-. f^l2\2 X! A 

M 

< C 5 (a + e™+«+i p )u SF + V-lC 5 e™+»+i p - nr^r > dz i Adz 1 

1 + Lz J 
1 1 ' h3 

-m+J-n ZiZn 



< C 5 (a - (n- m)t + h™+^)uj S f + v / -lC 5 e"*+"+i p J 2_^dzi A dzj. 
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Therefore there exist Cq,Cj > such that the arc length of 7(5) for < s < 1 is bounded 

by 

m+l slttJp m + l 1 

h\ g (t) < C 6 / e 2 ( m+n+1 )^ i ^ ds + C 6 (a - (n - m)t + )a 







m+l -| i i m + l , , m + l t 1 

' 2 



/ o m+l -] m + l m + l 

< C 6 / (1 + |z| / ) 2 (™+™+ 1 ) |£| m+n+i s \ w \ z ds + C 6 (a -(n- m)t + K m +"+ 1 ) 

Jo 

o o m + l m + l 1 

< C 7 {(1 + |wp)|^p} 2 (™+™+ 1 ) + C 7 (a - (n - m)t + 

m+l m+l 1 

< C' 7 K 2 ( m +"+ 1 ) + C 7 (a - (n - m)t + k™+™+i)2. 

In general, given two points (z,£) and £ U K , we can assume |£| < |£'| without loss of 

generality. Let £ = (£i,0, ...,0) such that |£| = |£|. 

dist g (t)((z,£), 

< dist git) ((z, 0, (z, 0) + dist g(Jt) ((z', (z', I)) + diat 9(t) ((0, £), (*', |)) + d«rf fl(t) ((z, £) , (0, £)) 

n+l 1 

< C 8 k 2 (" 1 +"+ 1 ) + C 8 (a - (n - m)t)3 

for 6*8 > 0. Hence for any e > 0, there exist K e > and T 6 G (0, T) such that for any < k < n e 
and f G (T e ,T), 

diam(U K \ P ,g(t)) < e. 

This shows that diam(X mjn , g(t)) is uniformly bounded above for £ E [0, T). Similar ar- 
gument shows that the metric completion (Xt,cIt) of (^m,n \ Po,w(T)) is compact and is 
homeomorphic to (Y mjn ,g) as a metric space after replacing a = ao — (m — n)t by 0. Standard 
argument shows that {X m ^ n ,g{t)) converges to (Xt, dy) in Gromov-Hausdorff sense as t — > T 
(cf [BWlj ). 

□ 

4 Finite time collapsing 

4.1 The case m > n, or m < n and < - 2fl - 

— ' m+l n—m. 

In this section, we consider the Kahler-Ricci flow on X mn with the initial class ao[D}{] + &o[Mx>] 
such that 

m > n 

or 

b ao 
n > m, < 



m + 2 n — m 
The first singular time of the flow is given by 



T = ^- . (4.1) 



The following lemma is an immediate consequence of the observation (|2.5 
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Lemma 4.1 For t G [0, T) and p G (—00,00), we /iaue 

< v! < b = b - (m + 2)t. (4.2) 
The general volume estimate (|3.4f) gives us the upper bound for the volume form. 
Lemma 4.2 There exists C > suc/i £/icrf on [0, T) x X m ^ n , 

Lo(t) m+n+1 < CQ. 

Corollary 4.1 There exists C > suc/i i/iat /or p G (—00, 00) and t G [0, T), 

< u < Cmm(T-t,e p ) (4.3) 

and 

<b-u <Ce~^ p . (4.4) 
Proof We apply similar argument as in Corollary 13.61 

• By Lemma 14.21 

[{u') m+1 }' < d(a + u') n {u') m u" <C 2 {1 + u') n (u') m u". 
For p G (—00, 00), 

{u') m+l {p) < C 3 [ P e (m+1]p dp < C 4 e {m+1)p . 

The estimate (j4.3j) follows by combining Lemma 14.11 and the same argument in Corollary 
1331 

• We also have 

[(u') m+1 ]' < C 5 (a + n') n (u) m n // < C 6 (l + u') n (a') m u" < C 7 e~ p . 

Then 

/•oo 

6 m+1 - (u') m+1 (p) <C 8 e- p dp < C 9 e~ p . 

J P 

The estimate (|4.3p follows immediately. 

□ 

Proposition 4.1 There exists C > suc/i i/iai on [0,T) x (—00,00), 

u" < Cmm{u',bt — u'}. (4.5) 

Proof The same argument in Proposition 13.11 can be applied to show that u"/u' is uniformly 
bounded above on [0,T) x (—00,00). 

Let H = log{u"/(b — u')}. Then limp_ 5 ._ 00 H = —00 and linip-j.oo H = 0. The evolution 
equation for H is given as follows. 
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8H 1 u^ (u'") 2 mu'" m(u") 2 nu'" n(u") 2 

~dt ~ ~ {u") 2 + ~vf (u')2 + a + vf ~ (a + u') 2 ' 

1 r u"' mu" nu" 

+-, ji— + — r + r 7 - m + 1 >• 

o — w u" w a + w 



We also have 



and 



H'- U '\ U " 
u" o — w' 



u" (u") 2 6 - «' ' 



Suppose sup[o ito ) x („ 00j00 ) if = H(to,p). Then at (fo>Po) 5 straightforward calculations show 
that 

dH 



which is a contradiction. Thus 



sup H < sup H < C. 

[0,T)x (-00,00) {0}x(-oo,oo) 



□ 



We then have the following immediate corollary. 
Proposition 4.2 There exists C > suc/i i/iai on [0, T) x (—00,00), 

u" < Cmm(T -t,e p ,e~ p ). (4.6) 

Proof It suffices to prove that e p u" is bounded above by the previous lemma. Let = e~ l e lp u" 
for 7 G (0, 1). Then the evolution of is given by 

d _ t 1Pf u ^ (u"') 2 mu'" m(u") 2 nu'" n(u") 2 

Also for any i G [0, T), 

lim tf» = 0. 



Suppose H 7 (t ,po) = sup [0]to] 

x(— 00,00) H^it, p). Then at (to,po), we have 

n (4) < _ 7 „/// ) = _ 7 „" 

by the maximum principle and then 



~ dt 7 ~ 7 

Hence -£f 7 < sup^/^^ -ff 7 (0, p) and there exists C > such that for £ G [0, T) and 7 G (0, 1), 
H*y < C. By letting 7 — )• 1, we can uniformly bound e~ t e p u" on [0, T) x (—00,00) from above 
and the lemma follows. 

□ 
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We then obtain uniform bounds for the evolving metrics from the upper bound on v! and 

u". 

Corollary 4.2 There exists C > such that on [0,T) x X m ^ n , 

a(t)Lo FS <u(t) < (a(i) + C{T - t))u FS + C min{(T - t){e~ p + e p )u,u}. (4.7) 

Proposition 4.3 For any e > 0, there exists T t G (0, T) such that for t £ (T e ,T) and any fibre 
X z with zeP", 

diam(X z ,g(t)\ Xz ) < e. 
Proof We consider the following open set V K C X mjTl for k > defined by 

V K = j^ 1 < e p < k}. 

Since oj\x z < Cw|x 2 , for any e > 0, there exists rc e > such that for all t € [0, T) and k > « e , 

^am(X,n(X\K), 5 (t)) <e/2 

by similar argument in the proof of Theorem 13.11 On the other hand, in V2 Ke , oj\x z < C(T — 
t)a>|jf z . Then there exists T e <T such that 

rfwm(I z ny 2 K ( ,3W) < e/2. 
The proposition then follows easily. 

□ 

Theorem 4.1 There exists C > siic/i that for t E [0,T), 

diam{X m>n , g{t)) < C. 

Furthermore, (X m ^ n ,g(t)) converges to (F rt , (clq — ^^oq)ujfs) i- n Gromov-Hausdorff sense as 

Proof Let V K = {k" 1 < e p < k} for k > 0. From the calculation above, there exists C > such 
that on V K , 

<iujfs < &{t) < + C(T — t)ujFs + C K (T — £)cD 

and so w(i) converges to cops uniformly in C°(V K1 ) as t — > T. On the other hand, the diameter 
of any fibre X z for z £ P n tends to uniformly as t — > T. 

We now choose a smooth map a : ¥ m — > X m ^ n such that the image of a sits in the interior 
of V\. Then the theorem follows by similar argument in the proof of Theorem 5.1 in [SWT]. 

□ 

4.2 The case m < n and = 

m+2 n—m. 

In this case, X m ^ n is Fano and the initial Kahler class is proportional to c\(X m ^ n ). The first 
singular time of the Kahler- Ricci flow is T = — = a ° . By Perelman's diameter estimates, 

° m+2 n—m J ' 

we have 

diam(X myn ,g(t)) < C(T— t) 
for a constant C > and so the flow becomes extinct at t = T. 
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5 Resolution of singularities by the Kahler-Ricci flow 

5.1 Resolution by the Fubini-Study metric and its Ricci curvature 

Consider the morphism $ m , n : X m>n -> p( m + 1 )(™+ 1 ) by 0(1). We assume that m, n > 1. The 
restriction of the Pubini-Study metric on Y mtn , the image of <& m ,n-, is given by 



/-I 



dd\og(l + e p ) 



1 1 /_i 



1 + e^ 6V l + e* ^ (1 + e^) 2 ^ s ; 2vr s s 

Its induced volume from on Y mn is given by 



m+n+l _ t- 



pup ? ^± 1 ./ZT 

£ (1 _|_ e p\m+n+2 ^ fib 11 27T 

a=l 



We can now calculate the Ricci form. 



dd(np — (m + n + 2) log(l + e p )) + (m — n)u]ps 



2vr 

(m - n)ujFS + 



2tt 



-ddu mc 



, (m + n + 2)e\ 
( m i — ; — " Vfs 



1 + e^ 



+ - 



-1 



2vr 



(m + n + 2)e f 
1 + eP 



5 at 3 + e" 



(m + n + 2)e 2p 
(1 + eP) 2 



n 



2tt 



where URj c = np — (m + n + 2) log(l + e p ). 

Let O be the vertex of Y m ,n as the projective cone over 
Y m ,n \{0} as the nonsingular part of Y m ,n- 



We define {Y m>n )reg 



Lemma 5.1 We define 6j t = uj — eRic(uj). Then there exists eo > 0, such that uj e > on 
(Y m 

,n)reg> the nonsingular part of ofY m ^ n for e £ (0, eo). 

Proof It suffices to check for p < because u is Kahler on Y mn \ {O} and Ric{u) is smooth 
away from O. The calculation is straightforward by assuming £ = (|£|, 0, 0) after certain 
U(m + 1) transformation. 

□ 

Let X m ^ n be the blow-up of X m ^ n along the zero section Pq. Then we have the following 
commutative diagram from section 1.9 in ID] . 



X 



m,n 



X n 



X n 



(5.1) 



pi 



n jpn 
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Proposition 5.1 The metric completion of ((Y mn ) reg ,LJ e ) is a smooth compact metric space 
isomorphic to X mn for sufficiently small e > 0. In particular, cD e extends to a smooth Kahler 
metric on X m ^ n . 

Proof The potential it e of £) e is given by 

u e = u + eum c = nep + (1 — (m + n + 2)e) log(l + p). 
It suffices to compare td t to a smooth Kahler metric on X m ^ n . We let 

u = ap + 61og(l + e p ) 
with a, b > 0. In particular, u = u e when a = ne and 6 = 1 — (m + n + 2)e. Then 



Co' 



-ddu = (a + b-^ — )u FS + ^—e- p hz(u'5 aP + h^- p {u" - u')^)V^ a A V^. 



2vr v 1 + eP' 2vr 

Q restricted on each fibre F rt+1 n (X m>n \ Pq) is give by 

h,e~ p (u'5 aP + e~ p {u" - A 

whose metric completion is exactly P n+1 blown up at one point. Therefore ^^-ddu blows up 
along the zero section Pq and replaces Po by the P 1 -bundle over Pq (isomorphic to <&* m n P m 

blown up at one point) and ty*(^^-ddp) is positive on the exceptional divisor E = P m x P n . 
■^^-ddp = ^3ddlog((l _|_ |z| 2 )|£| 2 ) is exactly the pullback of the Fubini-Study metric on 



P m x P n by * m>n . On the other side, Q lies in a Kahler class ^*[^-ddp] + b^ n [u] on X m , n . 
Also to is positive on X m>n \ (P m x P n ). Therefore a^* : ^^-ddp + b~d*Co defines a smooth Kahler 
metric on X m ^ n for a, b > and the proposition follows. 

□ 

For a given projective embedding X P^ of a normal variety X, the Ricci curvature is 
well-defined on X reg , the nonsingular part of X, for the restriction of the Fubini-Study metric 
lufs- We consider uj t = ujfs — eRic{ujFs) for sufficiently small e > 0. Let (X,d e ) be the 
metric completion of (X reg ,uj t ). Then Proposition 15.11 suggests that X is possibly a resolution 
of singularities for X. However, such a resolution is not necessarily minimal as shown in the 
example above. This leads us to consider the Kahler-Ricci flow as a certain smoothing process 
to resolve the singularity of a general normal variety. The goal of the section is to show that 
indeed the Kahler-Ricci flow gives an optimal resolution of singularities for Y m n . 



5.2 The case m ^ n 

In the section, we will consider the Kahler-Ricci flow on Y m ^ n with the initial metric uj§ = bou 
for some bo > 0. Since Y m>n = Y n)Tn , we can assume that m > n. 
We choose the potential for Cj to be 

u = log(l + e p ). 

Then calculation in section 12.31 suggests that the Kahler-Ricci flow should be equivalent to a 
parabolic PDE for u as below, 
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— = \og[{a + uT{u) n u"]-{n + l)p, u\ t=0 = b u (5.2) 
with a(t) = (n — m)t : or 

— = log[(aW)V)"V']-(m + l)p, n| t=0 = 6 u, (5.3) 

with a(i) = (m — n)t, since oo = 0. 

We have to choose (|5.3p because m > n and a(t) should be nonnegative for t > 0. This can 
be seen by the class evolution of the Kahler-Ricci flow because X m ^ n is the only resolution of 
Ym,n such that Kx mn is Q-Cartier and the class [Co] + e[iCx m , n ] > f° r sufficiently small e > 0. 
Hence now we can lift the Kahler-Ricci flow on Y m , n to the one on X m ^ n starting with Co. 

Note that Co has bounded local potential and for any smooth Kahler metric loq on X mjn , 
there exists C > such that 

Cj < Cojq. 

By |SoT3j . Cj G ^^^(Im^) (cf. |SW2| ) and there exists a unique weak Kahler-Ricci flow on 
X m n starting with Co. Furthermore, the solution b ecomes smooth Kahler metrics on X m n once 
t > 0. Therefore, it suffices to study the behavior of the solution as t — > + . 

We first write down the equivalent parabolic flow of Monge- Ampere type for the Kahler-Ricci 
flow. Since [Co] + t[Kx mn ] > for sufficiently small t > 0, there exists a smooth volume form f2 
with x = ^jrddlogQ,, such that 

uj t = Co + tx > 0, 

for t £ (0, T), where T = sup{t > | [w] + i[-Kjf m ,J > 0}. Let the solution of the Kahler-Ricci 
flow be given as uo{t) = uot + ^^dd(p. Then 

d<p (ut + ^dd^r^ 1 

-dt =log n ' ^= = - (5 ' 4) 

It is proved in [SoT3] . that ip G C°°((0,T) x X m>n ) n C°°([0,T) x (X m , n \ P )) and 



|L°°([0,T/2]xX m , n ) < OO. 

Lemma 5.2 T/ien i/iere exists C > 0, suc/i i/iai on [0, T/2] x X mn , 

u; m + n+1 < Cmax{l,e-( m -"^}0, (5.5) 

and on [T/2,T) x X mj „, 

Proof It suffices to show that the lemma holds on [0, T/2] x (— oo,0], as one can easily obtain 
the estimate oo m+n+1 < C\Q away from the zero section Pq (see [ST3]), as well as for t > T/2 
(see [SW1]), for C\ > 0. 

Let v = % . Then the evolution of v is given by 



dv nv' mv' v" n(m — n) 
dt ~ a + u' + u' + u" + a + u' 
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Let H = e -t (t; + (m-n)p). Then by flO}, iJ(0) < C 2 + mp < C 2 on p G (-00, 0] for C 2 > 0. 
One can calculate the evolution for H, 

OH nH' mH' H" m(m - n)e _1 raff' mi?' ff" , , 

_|_ _|_ > >_ <^ _j_ _|_ / ^ y \ 

dt a + u' v! u" v! ~ a + vf u' u" 

One notices that linip^-oo H(t,p) = —00 for any t by Proposition 12.21 Hence the maximum of 
H (t, •) is achieved away from Pq for t > 0. Since the Kaher-Ricci flow is smoothly defined away 
from Pq, it follows from the maximum principle that H < C3 on [0,T/2] x (— 00, 0] for C3 > 0. 
Therefore by (|5.3|) again, there exists C4 > 0, such that 



(a + u') n (u') m u" = e v+{m+1)p = e etH +(n+i)p < c A e {n+1)p . 
On the other hand, there exists C5 > such that on (— 00, 0]: 

(1 + u') n {u') m u" > C 5 eS m+1 ^. 
Combining them, there exists C% > 0, such that on (— 00, 0], 

w m+n+1 < Ce~ {m ~ n)p Vt. 



□ 



Lemma 5.3 There exists C > such that on [0, T/2] x X miJl , 

u > CCj. (5.8) 

Proof Let 9 be a smooth Kahler metric on X m ^ n . We consider the Kahler- Ricci flow on X m ^ n 
with initial metric 

w e ,o|i=o = &o£ + e#- 

Then by same argument as in |SWH ISoj , we can show that there exists C > such that for any 
e G (0, 1), the solution w e (t) of the Kahler- Ricci flow is bounded below by 

oj > CCj 

on t G (0,T/2] xX m , n . 

□ 

Proposition 5.2 There exist A\ and A2 > suc/i £/ia£ /or t G [0, T/2] and p < 0, 

it < Aiu < A 2 e m+n + 1 , 

Proof By the volume comparison in Lemma f5.2l there exist C±, C% > such that for i G [0, T/2) 
and p < 0, 

(a + u') m (u') V < Cie-( m - n ^(l + u') n (u') m u" < C 2 e {n+1)p . 

Applying the same argument in Corollary 13.21 there exists C3 > such that for t G [0, T) and 
P<0, 

u — C3e m + n + 1 . 
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Let H = logu" — log it'. To prove H is uniformly bounded from above, one just imitates the 
argument as in Proposition 13.11 and in addition checks at t = when u = bou, 



H(0) = log u" - log u' = - log(l + e p ) < 0. 



□ 



Corollary 5.1 There exists C > such that on [0,T/2] x X m<n , 

C~ u < uj < C{auj FS + Cj + e (5.9) 

where a = (m — n)t. 

Theorem 5.1 (X m ^ n , g(t)) converges to (Y m ^ n ,g) in Gromov- Haus dor ff sense as t — > + . 

Proof It is proved in [SoT3j that g(t) converges to g in C°° topology of X m ^ n \ Pq. Let U K = 
{e p < k} be the K-tubular neighborhood of Pq. Then it suffices to show that for any e > 0, there 
exist K e > and T € G (0, T/2] such that for any k < K e and t G (0, T e ), 

diam(U K \ P ,g(t)) < e. 

This can be proved by similar argument as in the proof of Theorem 13.11 

□ 

Theorem 5.2 (X m>n ,g(t)) converges to (P n , ^ m m ™l b ° &fs) i n Gromov-Hausdorff sense as t — > 

Proof It follows directly from the equation (15.31) that the singular time T = and a(T) = 

^■01+2° • theorem thus follows from Theorem 14.11 as the Kahler-Ricci flow on Y m ^ n becomes 
the Kahler-Ricci flow on X m ^ n after arbitrary short time t > 0. □ 

5.3 The case m = n 

We now consider the Kahler-Ricci flow on Y nn starting with b u} = bo^^ddu, where u = 
log(l + e p ). We would like to lift the flow to the one on X nn . If we let 

T = sup{i > | [&] + t[Kx nn ] is big and semi-ample}, 

then 

- 6 » >o. 



n + 2 

By |SoT3j . the Kahler-Ricci flow can always be lifted to the one on X n ^ n for t G [0, T). 
However the solution is in general not smooth since bo[ui] + t[Kx n „] = (bo — (n + 2)t) [uj] vanishes 
on Pq of X n>n for any t > 0. 

We apply the same method in |SoT3j by approximating the flow (|5.4|) by the smooth data. 
We consider the family of flows for 5 G (0, 1), 

dips , (ut + 6u FS + £ldd<p s r +n + 1 

-^7= log ^ , ip 5 \t=o = 0, (5.10) 

where ujfs is the pullback of the Fubini-Study metric on P n , uj t = (bo — (n + 2))ui and $7 is a 
smooth volume form on X n ^ n with ^^-ddlog O = — (n + 2)u>. 
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The above perturbed flow is equivalent to the following family of parabolic flows, 

log[(<5 + u' s ) n (u' 5 ) n 4] - (n + l)p, u 5 \ t=0 = b u. (5.11) 



at 

Lemma 5.4 There exists C > such that for t G [0, T) and 5 G (0, 1), 

(<S + uJ) n K)X < Ci 1 + u') n {u') n u". 



Proof It suffices to prove the lemma for p < as the volume estimate holds true away from 

dug 
dt 



the zero section Po(see [ST3]). Let vg = ^f- Then 



dvs = rwg nv' s v% 
dt ~ S + u' s u' s u'f 

Let Hs !e = e~ l {vs + ep) for e G (0, 1). Then there exists C\ > such that lim p __>_ 00 H$ te < C\ 
for fixed 5, e and t G [0,T). 

8H s , e _ nH' S e | ng^ | nee^ nee-* g 

<9t (5 + u' 5 u' 5 u' 5 ' <5 + it' 5 <5 ' e ' 

The maximum principle implies that there exists C2 > such that for t G [0, T), 5 G (0, 1), and 
ee (0,1), 

SUp Hs, e < SUp Hs 7 e + C 2 . 

te[0,T),p6(-oo,0] t=0,pe(-oo,0] 

The lemma is then proved by checking Hs e (0, ■) is bounded from above and letting e — > 0. 

□ 

The following proposition can be proved in the same way as in Proposition 13.11 
Proposition 5.3 There exist Ci, C2 > such that for t G [0, T), p G (—00, 00) and 5 G (0, 1), 

>> . n+1 _ 

u's < C x v! 8 < C 2 min(l, e^ p ). (5.12) 
Corollary 5.2 There exists C > suc/i f/mi /or i G [0, T), 5 G (0, 1) and p < 0, 

n 

oo(t) < 5uj FS + Ce ^+i p u. (5.13) 
Furthermore, for any t G [0,T), there exists Ct > suc/i i/iai 

w(t) > C t w. (5.14) 

Proof Letting £ — )• in equation (|5.12|) . we have u < C±u < C^e 2 ^ 1 , for constants C\, C2 > 
0. Equation (|5.13p then follows easily. 

For any T' G (0, T), we can apply the argument in Lemma 15.31 to show that there exists 
C T > > such that for 5 G (0, 1) and on [0, T') x X n , n , 

us = Sujfs + — ddus > C^'Cj- 
2ir 

Inequality f)5 . 14|) follows by letting 6 — > 0. □ 
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Let (X t , dt) be the metric completion of {X n ^ n \ Pq, oj(t)) for t G (0, T). 

Theorem 5.3 For any t G (0, T), (Xt,dt) has finite diameter and (Xt,dt) is homeomorphic to 
the projective cone Y nn over P n x P n via the Segre map. Furthermore, the Gromov-Hausdorff 
distance D(t) = daH((Xt,dt), (Y nn ,g)) is a continuous function in t G [0,T) and 

limD(t) = 0. (5.15) 

Proof We will consider the approximating Kahler-Ricci flow defined by (|5.10p . The solution 
ujs(t) = cut + 56 + ^^-ddfs is a smooth Kahler metric on (0, T) x X n>n . Let U K = {e p < k} be 
the K-tubular neighborhood of Pq. By similar argument in the proof of Theorem 13, 1\ we can 
show that for any fixed t £ (0, T) and e > 0, there exist k 6 > and S e > 0, such that for any 
k G (0, K e ) and 5 G (0, <5 e ], 

diam(U K , gs(t)) < e. 

Since gs(t) converges to g(t) in C°°-topology on (0, T) x X njTl \ Pq, we can show by similar 
argument in [SWlj that (X t ,dr) has finite diameter and is homeomorphic to (Y n>n ,g). 

Now it suffices to show that D(t) is continuous and the rest of the theorem can be proved 
by similar argument in the proofs of Theorem 13.11 and Theorem 15. 11 Fix to G (0, T), we consider 

D(t) = d GH ((X t ,d t ),(X t0 ,d t0 )) 

for t G [0, T). We claim that 

lira bit) = 0. 

t^t 

First note that w(t) converges to oo(to) in C°° topology of X n ^ n \ Pq as t — > tQ. On the other 
hand, we can apply the same argument as before that, for any e > 0, there exists rj > and 
K e > such that for any k < K e and t G (to — f]-, to + Tj) H (0, T/2], 

diam(U K \ P ,g(t)) < e. 

Also for any e > 0, any k > and fe > , there exists rj > such that for t G [to — r], tQ + 
7?)n(0,T/2], 

\\u(t) - u(t )\\ C k( Xn , n \U K ) < £ - 

Here the C k norm is taken with respect to a fixed Kahler metric 9 on X n>n . Then the claim 
follows by similar argument in |SW1| . 

□ 

5.4 Finite time extinction on Y n>n 

In this section, we consider the limiting behavior of the Kahler-Ricci flow on Y n ^ n starting with 
boCo for some &o > 0. We have shown the existence of the solution g(t) as in section [4l 

Theorem 5.4 Let (Y n ^ n ,dt) be the metric completion of (Y n ^ n \{0},g(t)). Then 

lim diam(Y n n , dt) = 0. 
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Proof We again consider the perturbed flow (|5.10p . Notice that the Kahler class along the flow 
is given by (^[wfs 1 ] + (bo — (n + 2)t)[ui], hence for all 5 G (0, 1), we have 

0<u' s < (b - (n + 2))t = (n + 2)(T - t). 

By similar argument as in the section 14.11 there exist C\ and C% > such that on [0, T) x 

(— oo, oo) 

u's < C lU 's < C 2 min(T - t, e^+r p ), < < C 2 e~ p 
for <5 £ (0, 1). By letting 6 — > 0, we have 

u" < Cm' < C 2 min(T - i, e^ p ), it" < C 2 e-'\ 
We thus have the estimates on Y nj7l \ {O}, 

n „ 

w(t) < Cmin((T - t)(e" p + e p )Co, (1 + e"^+7 p )w). 
Then by similar argument in |SWlj . we can show that 

lim diam(Y n n \ {0},u(t)) = 0. 

t— >T ' 

The theorem follows since (Y n>n ,dt) is the metric completion of iXn,n \ {0},g(t)). 

□ 
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